
Exercise 4
.

2

Show that CTo , 11 is not complete in 11 . 112
.

Proof : Put
fu=S

linear
,-X+I

Then for man
. life-full))

*
=

Therefore
,

(ful is Canchy
.

Suppose In-flle to as neo for some feCt , 11.

Writef(l) = c.

Then Co or CF1 .

If <Fo
, sincef is continuous

,

there exists

noEN such that If(xK, C/2 for x- (t-to
,Ett

For any n3 ·
llfa-fll > // fu(x -+(x)(2)[

=(

=0

Thus llfa-flle 0 as new.

Contradiction !
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Exercise 4 . 12

Let X and Y be Banach spaces .

If T : X - Y is

a bijection , show that T*: Y
*

-X
*
is a bijection.

Conclude that if T is an isomorphism , so is T *

Proof : (i) Injectivity :

Pick any y .*,
*
-Y
* with y** y*

Then E yeY such that y
*

(y) + Y **(9).

Since T is surjective , EXEX such
that TX = y ·

Then y
*
(iv) # Y**(TX)·

By definition T*y*(*) # T*Y*(4).
Thus T

*
y*# T* y ,

*

(ii) Surjectivity :
Pick any x

*EX*

Put y
*

(y) = x
* (T

+

y) for any yeY.

Then T
*
y
*
(x) = y

*
(TX) = x

*
(T
"
TX) = x

*
(x) for any xEX .

Therefore
,
T
*
y
*
= X*



(iii) Isomorphism :

Since T is bounded licear
,
so is T*

Since T
*
is a bounded finear bijection,

by Open Mapping Theorem
,

(T *+ is

continuous
.

Hence
,
T is an isomorphism.
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